Abstract. Let G be a locally compact group. Blum and Eisenberg proved that if G is abelian, then a sequence of probability measures on G is strongly ergodic if and only if the sequence converges weakly to the Haar measure on the Bohr compactification of G. In this paper, we shall prove an extension of Blum and Eisenberg's Theorem for ergodic sequences in the Fourier-Stieltjes algebra of G. We shall also give an improvement to Milnes and Paterson's more recent generalization of Blum and Eisenberg's result to general locally compact groups, and we answer a question of theirs on the existence of strongly (or weakly) ergodic sequences of measures on G.
Introduction
Let G be a locally compact group and π be a continuous unitary representation of G on a Hilbert space H. Let H f denote the fixed point set of π in H, i.e.
H f = {ξ ∈ H; π(x)ξ = ξ for all x ∈ G}.
A sequence {µ n } of probability measures on G is called a strongly (resp. weakly) ergodic sequence if for every representation π of G on a Hilbert space H and for every ξ ∈ H, {π(µ n )ξ} converges in norm (resp. weakly) to a member of H f . When G is abelian or compact, or G is a [Moore]-group (i.e. every irreducible representation of G is finite dimensional), then every weakly ergodic sequence is strongly ergodic. However, this is not true in general (see [8, 
Proposition 1 and Proposition 5]).
In [1] , Blum and Eisenberg proved that if G is a locally compact abelian group, and {µ n } is a sequence of probability measures on G, then the following are equivalent:
(i) {µ n } is strongly ergodic.
(ii) µ n (γ) → 0 for all γ ∈ G\{1}.
(iii) {µ n } converges weakly to the Haar measure on the Bohr compactification of G. More recently Milnes and Paterson [8] obtained the following generalization of Blum and Eisenberg's result to general locally compact groups:
Some preliminaries
Throughout this paper, G denotes a locally compact group with a fixed left Haar measure µ. Integration with respect to µ will be given by · · · dx. Let C(G) denote the Banach space of bounded continuous functions on G with the supremum norm. Then G is amenable if there exists a positive linear functional φ on C(G) of norm one such that φ( a f ) = φ(f) for each a ∈ G and f ∈ C(G) where ( a f)(x) = f(ax), x ∈ G. Amenable groups include all solvable groups and all compact groups. However, the free group on two generators is not amenable (see [11] or [12] for more details).
Let C * (G) denote the completion of L 1 (G) with respect to the norm f c = sup { T f }, where the supremum is taken over all * -representations T of L 1 (G) as an algebra of bounded operators on a Hilbert space. Let P (G) denote the subset of C(G) consisting of all continuous positive definite functions on G, and let B(G) be its linear span. Then B(G) (the Fourier-Stieltjes algebra of G) can be identified with the dual of C * (G), and P (G) is precisely the set of positive linear functionals on C * (G). Let B L 2 (G) be the algebra of bounded linear operators from L 2 (G) into L 2 (G) and let V N(G) denote the weak operator topology closure of the linear span of
denote the subalgebra of C 0 (G) (continuous complex-valued functions vanishing at infinity), consisting of all functions of the form h * k where h, k ∈ L 2 (G) and There is a natural action of
(ii) m, I = 1 where I = ρ(e) denotes the identity operator, and
As known, V N(G) always has a topological invariant mean. However V N(G) has a unique topological invariant mean if and only if G is discrete (see [14, Theorem 1] and [6, Corollary 4.11] ).
Let C * δ (G) denote the norm closure of the linear span of {ρ(a); a ∈ G}. Let B δ (G) denote the linear span of P δ (G), where P δ (G) is the pointwise closure of 
, the space of continuous almost periodic functions on G (see [5] ).
Some lemmas
Let G be a locally compact group, and M + (G) be the positive finite regular Borel measures on G.
Then the mapping
Proof. It is easy to see that φ → S φ is a * -representation as bounded operators on L 2 (G, µ). Also the element 1 ∈ L 2 (G, µ) is a cyclic vector for S, since we have Proof. Indeed, for any φ ∈ A(G),
( · sp denotes the spectral-radius). Since A(G) is commutative, T (φ) sp = operator norm in B(H) and φ sp = sup {|φ(x)| : x ∈ G} (by semi-simplicity of A(G), and the fact that the spectrum of A(G) is G). Hence
In particular T extends to a * -representation of the
defines a positive linear functional on the C * -algebra C 0 (G). Let µ ∈ M + (G) which represents this functional and S be the cyclic representation of A(G) as defined in Lemma 2.1. Then T and S are unitarily equivalent. Indeed, define a map W :
Hence {S, L 2 (G, µ)} and {T, H} are unitarily equivalent.
Assume that G is amenable. Then it is well known that A(G) has an approximate identity bounded by 1 . Let {T, H} be a * -representation of A(G) which is nondegenerate. Next, we will show that for each ψ ∈ B(G), there is a unique bounded linear operator T (ψ) on H such that
Uniqueness is clear from the fact that vectors of the form {T (φ)ξ, φ ∈ A(G), ξ ∈ H} span H. For existence, consider first the case when T is cyclic, and let
(since any * -homomorphism from an involutive Banach algebra into a C * -algebra is norm decreasing) as asserted.
Now it follows that the map
For a general non-degenerate * -representation T of A(G), we simply write T = T α , each T α cyclic, and define
Ergodic sequences in B(G)
A sequence {φ n } in A(G) ∩ P 1 (G) is called strongly (respectively weakly) ergodic if whenever {T, H} is a * -representation of A(G), ξ ∈ H, the sequence T (φ n )ξ converges in the norm (resp. weak) topology to a member of the fixed point set: 
Proof. We first observe that m, ρ(g) = 0 for all g ∈ G\{e}, and m, ρ(e) = 1.
. Consequently, (iii) and (iv) are equivalent.
(ii) =⇒ (iii). Consider, for g ∈ G (fixed), the representation {T, H}, where
by ergodicity of the sequence {φ n }.
(iii) =⇒ (i). We first assume that {T, H} is a cyclic * -representation of A(G). By Lemma 2.2 there exists a measure µ ∈ M + (G) such that T is unitarily equivalent to a representation S on L 2 (G, µ) as in Lemma 2.1. Hence we may assume that
The integrand converges pointwise to "0" as n, m → ∞, and it is dominated by the integrable function 4|h| 2 . Hence by the dominated convergence theorem
which again converges to zero as n → ∞ by the dominated convergence theorem.
is the degenerate part of {T, H} and {T α , H α } is cyclic. The result follows by applying the cyclic case to each {T α , H α } to obtain a fixed point f α ∈ H α of {T α , H α }. Then f = (f α ) is the limit of the sequence {T (φ n )h} in H, and
Corollary 3.2. A locally compact group G is first countable if and only if A(G)
contains an ergodic sequence.
Proof. Let {U n } be a sequence of compact symmetric neighborhoods of the identity of G, such that
, and φ n (g) → 0 for each g ∈ G (g = e). Hence {φ n } is ergodic by Theorem 3.1. Conversely if {φ n } is an ergodic sequence on A(G), then the topology on G defined by the sequence of pseudometrics {d n }, where d n (x, y) = |φ n (x) − φ n (y)| is Hausdorff (by Theorem 3.1(iii)) and hence must agree on any compact neighbourhood of x, x ∈ G. Consequently G is first countable.
For G amenable, a sequence {φ n } in P 1 (G) is called strongly (resp. weakly) ergodic if whenever {T, H} is a non-degenerate * -representation of A(G), the sequence T (φ n )ξ converges in norm (resp. weakly) to a member of the fixed point set:
where T is the unique extension of T to B(G) as defined earlier in Section 2. Theorem 3.3. Let G be an amenable locally compact group. The following are equivalent for a sequence {φ n } in P 1 (G) :
(i) {φ n } is strongly ergodic.
(ii) {φ n } is weakly ergodic.
where m is the unique topological invariant mean on C * δ (G).
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Proof. Note that if m is a topological invariant mean on C * 
(G) has a unique extension T to B(G), T (φ)λ = φ(g)λ, for φ ∈ B(G); similarly, the unique extension of S from A(G) to B(G) is
S φ h = φh, h ∈ L 2 (G, µ).)
Ergodic sequences of measures
Let M (G) denote the space of finite regular Borel measures on G. [8] this is denoted by µ(f ) ). If π is a continuous unitary representation of G, let P f denote the orthogonal projection from H π onto the closed subspace H π f of fixed points. Theorem 4.1. Let G be a locally compact group. Then the following statements about a sequence {µ n } of probability measures on G are equivalent:
B(G))), where m is the unique translation-invariant mean on B(G).

Proof. (i)=⇒(ii). Let π ∈ G.
Then π(µ n ) → P f . But P f = 0 or I by irreducibility of π. Hence if π = I, π(µ n ) → 0 in the weak operator topology.
(ii)=⇒(iii). Let π ∈ G, ξ, η ∈ H π and φ
Let E(G) denote the extreme points of P 1 (G) . The above implies that µ n , y φ → 0 for any y ∈ G, φ ∈ E(G), φ = 1 where 1 denotes the constant one function on G. We will show that µ n , φ → m, φ for all φ ∈ P 1 (G). Note that if E is a locally convex space, and C a compact subset of E, and f n a sequence of continuous linear functionals on E which are uniformly bounded on C and converge to 0 on C, then convergence to 0 holds on the closed convex hull of C (see [15] or [10] for an elementary proof). This applies easily if G is discrete. In the general case, slight complications arise: the set P 1 (G) is not weak * -compact, and measures are in general not weak * -continuous on B(G). Nevertheless the method of proof generalizes to this case:
If G is second countable, then the weak * -topology on the unit ball of B(G) is metrizable. Then P 0 (G) (= intersection with the cone of positive definite functions) is compact and convex; the extreme points of P 0 (G) are 0 and the extreme points of P 1 (G). Let φ ∈ P 1 (G). By Choquet's theorem, there is a probability measure Φ concentrated on ext (P 0 (G)) representing φ, i.e., for T ∈ C * (G), we T, γ dΦ(γ) for all x ∈ G.
, it follows that the map (x, γ) → γ(x) = lim v n , x γ is Borel measurable on G × P 0 (G) and by dominated convergence that
in particular that 0 has weight zero (take x = e). Thus, Φ is concentrated on E(G). Hence if µ ∈ M (G), one gets by Fubini's theorem
Hence if {µ n } is a sequence of probability measures on G, satisfying (ii), it follows from the Lebesgue dominated convergence theorem that φ, µ n → Φ({1}), and similarly φ, * y µ n → Φ({1}) for φ ∈ P 1 (G), y ∈ G. Consequently, µ n and * y µ n have the same limit on P 1 (G); hence µ n converges to the unique invariant mean m on B(G).
For general G, if there is a weakly ergodic sequence of measures in M (G) (resp. (ii) holds), then G has to be σ-compact (see Theorem 4.6 and Remark 4.3).
If G is σ-compact, and π is a cyclic representation of G on a Hilbert space H, then H is separable, and hence the strong operator topology on B(H) is metrizable on bounded sets. Consequently, the quotient group G/ Ker π is second countable, and the above argument applies.
(iii)=⇒(i). Let π be a continuous unitary representation of G. Then, by (iii), { π(µ n )ξ, η } converges for all ξ, η ∈ H π , and hence π(µ n ) → T in the weak operator topology for some T ∈ B(H π ). Clearly, T ξ, η = m, φ π ξ,η , and since m is translation-invariant, we have π(y)T = T = T π(y) for all y ∈ G. So, T = P f i.e. π(µ n ) → P f in the weak operator topology for all π. Hence (iii) holds.
Lemma 4.2. If H is an open subgroup of G with
Proof. Let π be the regular representation on
Remark 4.3. By a similar argument one shows that if the sequence (µ n ) satisfies (ii) of Theorem 4.1, then the measures µ n cannot be concentrated on a subgroup H as above: We have 1 H ∈ P 1 (G) and the set of φ ∈ P 1 (G) for which φ(x) = 1 for x ∈ H is easily seen to be weak * -compact in B(G). Hence it has an extreme point φ = 1 and this is also an extreme point of P 1 (G). Thus we get π ∈ G\{1}, ξ ∈ H π \{0} with π(x)ξ = ξ for x ∈ H. If all µ n would be concentrated on H, we would get π(µ n )ξ = ξ for all n, contradicting (ii). 
Remark 4.5. The question of the existence of weakly ergodic sequences of measures was stated as a problem in [8] . In fact, the case of separable groups G had already been settled before in [7] , Theorem 3: for the sequences (x n ) constructed there, µ n = 1 n n j=1 δ xj has the property that π(µ n ) converges to P f in the strong operator topology for any continuous representation of G on a Banach space B for which all orbits {π(x)b : x ∈ G} are relatively weakly compact. In particular, (µ n ) is even a strongly ergodic sequence. More generally, the following result holds: (iii)=⇒(i): By the Kakutani-Kodaira theorem, G has a compact normal subgroup N such that G/N is metrizable. In particular, G/N is separable. Let λ be the normalized Haar measure on N and let M be a closed separable subgroup of G such that G = M · N. Let (x n ) be a sequence in M satisfying the properties of [7] , Theorem 3, mentioned above. Put µ n = 1 n n j=1 δ xj * λ. We claim that (µ n ) is strongly ergodic. Let (π, H) be a unitary representation of G. Put H f,N = {ξ ∈ H : π(x)ξ = ξ for all x ∈ N }, similarly for H f,M , and denote the orthogonal projections on these spaces by P f,N resp. P f,M . Clearly, P f,N = π(λ). Since N is normal, H f,N is a π-invariant subspace; hence the same is true for H ⊥ f,N . This entails that P f,N and P f,M commute; hence P f = P f,M • P f,N . By assumption, ( 1 n n j=1 π(x n )) converges strongly to P f,M ; hence (π(µ n )) converges to P f,M • P f,N = P f . Examples. a) Let H be the Heisenberg group. If (µ n ) is a sequence of probability measures, we claim that the following statements are equivalent:
Here H denotes the set of abelian continuous characters of H, i.e. in this example strong (or weak) ergodicity is uniquely determined by the projections of µ n to H/Z, where Z = [H, H] is the center of H.
Proof. We use the notation of [8] , Proposition 6. Condition (iii) is clearly necessary, since G describes the one-dimensional representations of G. Hence it is sufficient to show that (iii) implies (i). We write H = R 3 (as a set). Then the infinite dimensional irreducible representations of
Hence it is sufficient to show that
is a sequence of probability measures on R. By assumption (iii), the sequence (µ n ) converges to the Bohr-von Neumann mean m on AP (R) (we have Z = {(x 1 , 0, 0)}).
Fix t ∈ N with t ≥ 6. Let f be a continuous function on R with period tK, satisfying 0 ≤ f ≤ 1 and
Hence there exists n 0 such that f, µ n < 6/t for n ≥ n 0 . Then it follows that α nj < 6/t for n ≥ n 0 , j = 0, ±t, ±2t, . . . . Considering appropriate translates of f, we get the same estimate for the other residue classes mod t, i.e.
This implies j α 2 nj < 2 · 6 t for n ≥ n 1 , and for t → ∞ our claim follows.
Further results of this type (in the setting of uniform distribution) have been shown in [17] . b) A similar description holds for the 'ax+ b'-group (compare [8] , Proposition 7). In particular, a) and b) provide examples of non-Moore groups for which strong and weak ergodicity are equivalent. c) For G = C × σ T, the euclidean motion group of the plane, the situation is different. For measures µ n on G, let as before µ n be the projections to T, m denotes normalized Haar measure on T. Then we have (i) (µ n ) is weakly ergodic if and only if µ n → m (w * ) and µ n → 0 (with respect to C 0 (G)).
(ii) (µ n ) is strongly ergodic if and only if µ n → m (w * ) and δ xn * µ n → 0 (with respect to C 0 (G)) for arbitrary sequences (x n ) ⊆ G, i.e. the convergence µ n (xK) → 0 holds uniformly for the translates of a given compact set K. (δ x denotes the Dirac measure concentrated at x.) For example, µ n = δ xn * m, where x n is a sequence in G tending to infinity, establishes a sequence of measures that is weakly but not strongly ergodic.
Proof. (i) follows immediately from [8] , Proposition 8.
(ii) results from the following lemma. (Necessity of the condition is obvious since (µ n ) strongly ergodic implies (δ xn * µ n ) strongly ergodic.) For ε > 0 choose K such that |φ π ξ,ξ (z)| < ε for z / ∈ K (the condition for (µ n ) does not depend on the choice of K). Then µ n (yK) < ε for n ≥ n 0 , y ∈ G. Since y −1 x ∈ K is equivalent to x ∈ yK, and |φ Hence π(µ n )ξ 2 < 2ε for n ≥ n 0 .
d) A similar description (as in c) but taking into account that there are no nontrivial finite dimensional unitary representations) holds for the case of non-compact, connected, simple Lie groups with finite center (compare [8] , Proposition 5).
